The dual configuration of the original one is proposed for the orbit design of Taiji spacecrafts.
Taiji triangle as well. In this paper, we only focus our attention on the inherent variation of Taiji triangle, and the other part will be left in the future task. In Ref. [17] , a special model is studied for the spaced-based GW detector in triangular configuration, where the inclination ε of the orbits of SCs with respect to the ecliptic plane is assumed to be √ 3e, and three arm-lengths in this model are identical to each other up to a phase shift of 2π/3 up to e 1 order.
We will generalize this conclusion for both configurations of Taiji in the present paper, and with the help of the above algorithm, it is proved that both configurations possess the same symmetry: At every order, three components of every kinematic indicator of Taiji triangle are identical to each other up to a phase shift of 2π/3, which is independent on the tilt angle of Taiji plane relative to the ecliptic plane.
Like LISA [9] , Taiji also needs to suppress the laser frequency noise by time-delay interferometry (TDI). The instability of Taiji triangle may result in that the first generation TDI works unsuccessfully, since it is only applicable for the stationary configuration. One way to deal with this difficulty is to turn to modified first generation TDI or further, the second generation TDI [14, [18] [19] [20] . The application of the second generation TDI involves the complex non-commuting time-delay operators, which could possibly cause difficulty in the data analysis [14] , and therefore, as the case of original LISA (presented in Refs. [8, 9, 14] ), the reasonably optimized model of Taiji could contribute to selecting a simpler TDI technique. What needs to be pointed out is that because the orbital eccentricity of Taiji SCs is smaller than that of the original LISA SCs, the more stable formation of Taiji triangle means that Taiji has more chance than original LISA to consider a simpler TDI strategy by the optimization of orbits of SCs. Moreover, optimizing the orbits of SCs also helps to reduce the adverse effect brought about by the Doppler shift of the laser frequency. For the original configuration of Taiji [16] , by adjusting the tilt angle φ + around π/3 at e 1 order, the orbits of SCs are optimized at the next leading orders of all the kinematic indicators. This result can be generalized, in this paper, by slightly modifying the above algorithm, i.e., by adjusting φ ± around π/3 to any order of e, the orbits of SCs in both configurations of Taiji can be optimized, respectively, and that is to say, Taiji triangles can become as stable as possible with the different specific problem involved. As a preliminary example, the results of optimizing all the kinematic indicators in both configurations by adjusting φ ± around π/3 to e 4 order are provided in the present paper. In the future, if the post-Newtonian effects of the Sun's gravitational field and the perturbative effects of some celestial bodies are considered, the above algorithm can be readily generalized so that the more stable formation of Taiji can be obtained.
The paper is arranged as follows. In the next section, the new configuration of Taiji is designed. Both configurations of Taiji to infinite order of e are analysed in Sec. III. In Sec. IV, we shall make some concluding remarks. No summation is taken for repeated indices in the present paper.
II. NEW CONFIGURATION OF TAIJI
We will discuss the orbit design of SCs in the heliocentric coordinate system (x, y, z), which is defined as the righthanded Cartesian coordinates with the center of mass of the Sun as the origin and the ecliptic plane as the x-y plane.
Consider the ellipse in the x-y plane, 
where its semimajor axis R is equal to that of the Earth's orbit, and its eccentricity is e. Translating this ellipse eR in the positive direction and in the negative direction along the x axis gives two ellipses, and then, rotating them by ε ± about y axis, respectively, provides two choices for the orbit of SC1. Thus, the obtained two radial vectors of SC1
x ± 1 = R cos ψ ± 1 ± e cos ε ± , y ± 1 = R 1 − e 2 sin ψ ± 1 , z ± 1 = R cos ψ ± 1 ± e sin ε ± .
(2)
If the eccentric anomaly ψ + 1 satisfies the Kepler's equation
with Ω as the average angular velocity of SC1, r + 1 manifestly represents the orbit of SC1 in the original configuration [16] , and in this case, SC1 is at the aphelion when t = 0, namely, the point C+ presented in FIG. 1.
From SAC+,
Defining dimensionless parameter α + := √ 3d + /(2R), and then, the relationship between inclination ε + of the orbit of SC1 with respect to the ecliptic plane and orbital eccentricity e can be expressed as 
Eq. (5) plays a key role in the expansion of the Keplerian orbits of SCs, and it is the core content of the original configuration of Taiji.
We propose a new configuration of Taiji, in which, the orbit of SC1 is represented by r − 1 , and the corresponding eccentric anomaly ψ − 1 satisfies the Kepler's equation
which shows that SC1 is at the perihelion when t = 0, namely, the point C− presented in FIG. 1. Similarly, SAC− gives
and then, with the help of the dimensionless parameter α − := √ 3d − /(2R), the relationship between inclination ε − and orbital eccentricity e can be derived easily,
which is also the core content of the new configuration of Taiji. According to the above derivation, we declare that the relationships between inclinations ε ± and orbital eccentricity e are dual for both configurations of Taiji.
For the original configuration of Taiji, rotating the orbit of SC1 by 2π/3 and 4π/3 about the z axis, respectively, gives those of SC2 and SC3, where their phases need to be adjusted correspondingly [8, 9] . The expressions of r + 2 and r + 3 , representing the orbits of SC2 and SC3, respectively, have been obtained in our previous paper [16] . As for the new configuration of Taiji, above method can also be applied to derive the orbits of SC2 and SC3, denoted by r − 2 and r − 3 , respectively. Here, we directly present the results together for both configurations:
and
where their corresponding eccentric anomalies ψ ± κ (κ = 2, 3) satisfy
Obviously, Eq. (11) holds for the case of κ = 1 as well.
As illustrated in FIG. 1, φ ± are the tilt angles of Taiji planes relative to the ecliptic plane at t = 0 in both configurations, respectively. For the original configuration [16] , φ + can take values of ±|φ + |, and thus, there are two choices for orbits of SCs, which are symmetry about the ecliptic plane. Further, seeing that Taiji can follow or precede to any order of e, which helps to consider a simpler TDI strategy and reduce the adverse effect brought about by the Doppler shift of the laser frequency.
A. Expansions of the orbits of Taiji SCs
The general idea is originated from the fact that the Kepler's Eq. (11) can be expanded to infinite order of e when e ≈ 5.789 × 10 −3 1 for Taiji [16] according to the method of Lagrange [21] , and then, the combination of Eqs. (2), (4), (5) , and (7)-(10) can bring about the expansions of the unperturbed Keplerian orbits of SCκ (κ = 1, 2, 3), denoted by r ± κ = (x ± κ , y ± κ , z ± κ ), in both configurations of Taiji to infinite order of e. The detailed derivation is put in Appendix A, and here, we only show the expansions of x ± κ , y ± κ , and z ± κ :
where
with ρ κ := (κ − 1)2π/3, [(n − k)/2] as the integer part of (n − k)/2,
Here, C j n−k+1 is the binomial coefficients,
and the expressions of Q(cos ε ± , n − 1), Q(sin ε ± , n − 1), Q(cos ε ± , k), and Q(sin ε ± , k) refer to Eq. (A6). Note that in this paper, Q(A, • ) represents the mapping related with a quantity A, where only " • " is the argument, and A is used to denote the mapping itself. Moreover the following rule is needed to understand Eqs. (12)-(16) accurately: The upper (lower) symbol of " ± " on the left-hand side of one equation corresponds to upper (lower) symbol of " ± " or " ∓ " on its right-hand side, and the rule applies to the full text of this paper. It is easy to check that the expansion of r + κ (κ = 1, 2, 3) to e 3 order in Eq (12) is the same as that in our previous paper [16] . Obviously, Eq (12) shows that at e 0 order, the orbits of all SCs in both configurations are the circle in the ecliptic plane with the Sun as center and R as radius, and thus, the trajectories of the barycenters of three SCs at e 0 order in these two configurations are also this circle, which is the basis for establishing the Clohessy-Wiltshire system [15] .
The complete expressions for the trajectories of the barycenters of three SCs in both configurations are obtained by Eq. (12) in Appendix A, and by using them, one can discuss the actual trailing angle of Taiji constellation following the Earth from the viewpoint of the Sun [16] . Moreover, Eq. (12) implies that the orbits of SCκ (κ = 1, 2, 3) at every order in both configurations are symmetric about either z axis or x-y plane, which embodies the duality between these two configurations. Although Eq. (12) is expressed in the form of series, it is the complete unperturbed Keplerian orbits of SCs. When the post-Newtonian effects of the Sun's gravitational field and the perturbative effects of some celestial bodies are further considered in the future, Eq. (12) truncated to the necessary order should be viewed as the zeroth-order approximation of the corresponding perturbative solution. Hence, Eq. (12) is the basis for discussion of relativistic and perturbative effects on SCs.
B. Expansions of all the kinematic indicators of Taiji triangles
All the kinematic indicators of Taiji triangles, say three arm-lengths and their corresponding rates of change, and three vertex angles, depend on the relative radial vectors of SCs, namely, r ± µν := r ± µ − r ± ν = (x ± µν , y ± µν , z ± µν ) (µ, ν = 1, 2, 3, µ = ν). By using Eq. (12), expanding r ± µν is easy, namely,
with
r ± µν can be used to define the arm-lengths between SCµ and SCν and their rates of change, respectively,
which shows that it is necessary to first deal with
Expansions of (r ± µν ) 2 are readily derived with above Eqs. (17) and (18):
where Q r ± µν 2 , n :=
Q((r ± µν ) 2 , n) are clearly rewritten as the functions of t in Eq. (B1), from which, one can find that they possess the following symmetry:
where F is the corresponding function of a single variable. The proof is easy. From the definitions of r ± µν and Eq. (21), Q((r ± µν ) 2 , n) = Q((r ± νµ ) 2 , n), which means that one only needs to consider (µ, ν) ∈ {(1, 2), (2, 3), (3, 1)} in Eq. (23). The first term in Eq. (B1) keeps the same when (µ, ν) takes the above three groups of values, and every remaining term contains C F µν (Ωt; , η) or S F µν (Ωt; , η) whose expressions are shown in Eq. (B2), where both and η are integers, and − η is even. A direct calculation gives
when (µ, ν) ∈ {(1, 2), (2, 3), (3, 1)}, which implies that Eq. (23) holds.
Expansions of arm-lengths l ± µν and their rates of change v ± µν need to resort to the related results in Appendix C. From Eqs. (19) and (21),
which can also be rewritten as the following forms:
by p := n − 2, and plugging Eq. (B1) into the definitions of a ± µν (2) in Eq. (24) gives
By use of Eqs. (C11)-(C13) and (C15), (
where δ 0p is Kronecker symbol, 0 k=1 (· · · ) := 0, and (−1)!! := 1. Substituting above result to Eq. (25) by p → p − 1 gives
Further, the rates of change of l ± µν are trivially obtained,
With the above results, the inherent variations of arm-lengths and their rates of change in both configurations of Taiji can be discussed, and then, an important symmetry of them is directly obtained from Eqs. From Eqs. (29) and (30),
and then, Eq. (26) shows that when φ ± = π/3, Q(l ± µν , 1) = 2 √ 3 ⇔ Q(v ± µν , 1) = 0, which means that in this case, Taiji triangles in both configurations are equilateral at the leading order terms of arm-lengths and their rates of change. However, at their higher order terms, further calculations of Q(l ± µν , p) and Q(v ± µν , p) (p ≥ 2) show that even φ ± = π/3, Taiji triangles in both configurations still undergo the inherent variations. Like LISA, this instability of Taiji formation may lower its sensitivity [14] , which requires that an accurate analysis on the inherent variation of Taiji triangle should be made in the data analysis. According to the above algorithm, one can acquire an accurate knowledge of the inherent variations of arm-lengths and their rates of change in two configurations of Taiji when φ ± = π/3, and as a preliminary example, here, we present the expansions of l ± µν and v ± µν to e 5 order, namely,
where from Eqs. (B1), (24), (25), and (27), Eqs. (29) and (30) give
cos(3θ µν (Ωt)),
cos(9θ µν (Ωt)), 
sin(12θ µν (Ωt)).
In the data analysis, by deducting the inherent variations of arm-lengths of Taiji triangle, one is able to acquire their accurate variations induced by GWs, where without doubt, based on these results, the variations of arm-lengths induced by the relativistic effect of the Sun's gravitational field and the perturbative effects of some celestial bodies need to be deducted as well.
The vertex angles of Taiji triangles between the relative radial vectors of SCs r ± µλ and r ± νλ (µ = ν), denoted by β ± µν , are defined as
wherer ± µλ := r ± µλ /l ± µλ andr ± νλ := r ± νλ /l ± νλ are the corresponding unit vectors, respectively. From Eq. (33), if the expansions ofr ± µλ andr ± νλ are obtained, one is able to expand β ± µν . Eq. (25) provides
and as before, according to Eqs. (C11)-(C13) and (C16), ( ∞ p=0 b ± µν (p)e p ) −1/2 can be expanded, namely,
where the expression of b 
The combination of Eqs. (17) and (35) brings about the expansions ofr
and by using this result, one easily gets
According to Eqs. (C11)-(C13) again,
can be expanded, and then,
and the expression of (arccos) (k) (k ≥ 1) refers to Eq. (C17).
Next, the vertex angles of Taiji triangles will be discussed, and they also possess the symmetry: Three components of the vertex angles of Taiji triangle in each configuration are also identical to each other up to a phase shift of 2π/3 at every order, which is also independent on the tilt angle of Taiji plane relative to the ecliptic plane. The proof is lengthy, so the detailed process is put in Appendix B. From Eqs. (31) and (36),
3), and then, Eqs. (38) and (40) give
By further using Eqs. (13) and (18), Q(B ± µν , 0) = 1/2 is obtained, and then, plugging this result into Eq. (42), one finally arrives at Q(β ± µν , 0) = arccos(Q(B ± µν , 0)) = π/3, which shows that as expected, when φ ± = π/3, Taiji triangles in both configurations are equilateral at the leading order terms of the vertex angles. Similarly to the cases of armlengths and their rates of change, the actual calculations of Q(β ± µν , p) (p ≥ 1) imply that at the higher order terms, the vertex angles still undergo the inherent variations even when φ ± = π/3. In the following, we will make use of the above algorithm to present the expansions of β ± µν , and it will be proved that only if β ± µν are expanded to e 4 order, the obtained result is compatible with those of arm-lengths and their rates of change in Eq. (32). Suppose that r ± µν have been expanded to e i order, the series expression of any related quantity A should be truncated to e Λ(A,i) order, so that when i → ∞, the truncated expression of A can recover its original result, and by this rule, we have the following conclusions:
In the first step, following the process from Eq. (24) to Eq. (25), (
, respectively, and in the spirit of Appendix C, one knows that only their further expansions to e i−1 order are kept. Therefore, from Eqs. (25) and (34), Λ(l ± µν , i) = i and Λ(1/l ± µν , i) = i − 2. The above conclusion implies that if i = 5, the following expansions of β ± µν to e 4 order are indeed compatible with those of arm-lengths and their rates of change in Eq. (32). As mentioned before, in order to consider the relativistic effect of the Sun's gravitational field and the perturbative effects of some celestial bodies, all the related results in the form of series need to be truncated to necessary order, so the above conclusion (44) plays an important role.
where from Eqs. (B1), (13) , (18) cos(11θ µν (Ωt)).
One can check that when p = 1, 2, 3, 4,
which is compatible with the result of β ± 12 + β ± 23 + β ± 31 = π in Euclidean geometry.
C. Optimization of the orbits of Taiji SCs
As indicated in Sec. III B, for both configurations of Taiji, even when φ ± = π/3, Taiji triangles are only equilateral at the leading terms of their kinematic indicators, and the higher order terms show that Taiji triangles undergo the inherent variations. One adverse effect brought about by such instability of Taiji triangle is that the first generation TDI may work unsuccessfully, since it is only applicable for the stationary configuration, so that the laser frequency noise can not be suppressed effectively. In order to deal with this problem, one perhaps needs to turn to modified first generation TDI or further, the second generation TDI [14, [18] [19] [20] . The application of the second generation TDI could be at the cost of possible difficulty in the data analysis [14] , because the complex non-commuting time-delay operators are involved, and therefore, one should select a simpler TDI technique by optimizing the orbits of SCs, as the case of original LISA (presented in Refs. [8, 9, 14] ). The smaller orbital eccentricity of Taiji SCs than that of the original LISA SCs means the more stable formation of Taiji than that of the original LISA, which will contribute to considering a simpler TDI strategy for Taiji by the optimization of orbits of SCs. Another adverse effect of the instability of Taiji triangle is the Doppler shift of the laser frequency, and optimizing the orbits of SCs also helps to reduce it.
By adjusting the tilt angle φ + around π/3 at e 1 order, the orbits of SCs are optimized at the next leading orders of all the kinematic indicators in the original configuration of Taiji [16] . According to the algorithm devised in the previous subsection, we will generalize this result in this subsection, and namely, by adjusting φ ± around π/3 to any order of e, the orbits of SCs in both configurations of Taiji will be optimized, respectively, which means that Taiji triangles in both configurations can become as stable as possible with the different specific problem involved. To this end, suppose that φ ± have the forms of expansions around π/3 in e,
which means that we should modify the previous algorithm so that all the quantities involving φ ± can be reexpanded.
Let's start with the orbits of SCs, namely, 1, 2, 3) , and from Eqs. (2), (5) , and (8)- (11) , one knows that their dependence on φ ± is originated from cos ε ± and sin ε ± , and with the assumption (46), if cos ε ± and sin ε ± are reexpanded to infinite order of e, one can acquire the reexpansions of r ± κ . Technically, if cos ε ± and sin ε ± are reexpanded by redefining Q(cos ε ± , n) and Q(sin ε ± , n) in Eq. (A6), while Eq. (A5) remains the same, one does not need to modify the remaining part of the previous algorithm to obtain the reexpansions of r ± κ and the further reexpansions of all the kinematic indicators of Taiji triangles. In Appendix D, according to the related conclusions in Appendix C, the modified expressions of Q(cos ε ± , n) and Q(sin ε ± , n) are derived, which are presented in Eq. (D12). Now, as mentioned above, according to the modified algorithm, all the kinematic indicators of Taiji triangles in both configurations can be reexpanded. Here, we take the reexpansions of l ± µν and v ± µν to e 8 order and the reexpansions of β ± µν to e 7 order as an example to explain how to optimize the orbits of SCs, and the corresponding results read
Q β ± µν , p e p with Q β ± µν , p = Q β ± µν , p; γ ± (1), · · · , γ ± (p) .
(47)
Q(l ± µν , p), Q(v ± µν , p), and Q(β ± µν , p) are so lengthy as p increases that their expressions do not need to be presented, but one should know that as before, Q(l ± µν , p) and Q(β ± µν , p) can be still written as the forms of the linear combination of cos(n 1 θ µν (Ωt)), and Q(v ± µν , p) can be still written as the form of the linear combination of sin(n 2 θ µν (Ωt)), where both n 1 and n 2 are positive integers, and γ ± (1) · · · exist in the coefficients. The above choice about the truncated orders will ensure that the final determined orders of the optimized expressions of l ± µν , v ± µν , and β ± µν are the same as their previous those shown in Eqs. (32) and (45), respectively.
Motivated by the idea in Ref. [23] , if the following functions
take the minimums, the orbits of Taiji SCs in both configurations are optimized, respectively, where
are the variances of l ± µν , v ± µν , and β ± µν with
as their averages within n (n = 1, 2, 3, · · · ) year, and ω ± l , ω ± v , and ω ± β are their corresponding weights. To simplify calculation, define
and then, from Eqs. (49)-(51),
are the reduced weights of l ± µν , v ± µν , and β ± µν , respectively. Let the superscript [p] represents that the order of the corresponding term is e p , and then, Eqs. (47) and (51) show .
Substituting this result to Eq. (52) gives
Above equations imply that if Q [p] (l ± µν , v ± µν , β ± µν ) (p = 4, 5, · · · ) take the minimums, Q(l ± µν , v ± µν , β ± µν ) will take their minimums, and then after a tedious calculation, the following results are obtained:
In fact, results in Eq. (57) are derived one after another when taking the minimums of Q [p] (l ± µν , v ± µν , β ± µν ) for p = 4, 6, 8, 10, and when p = 5, 7, 9, Q [p] (l ± µν , v ± µν , β ± µν ) = 0, which are trivial. Then, from Eq. (47), l ± µν and v ± µν are determined to e 5 order, and β ± µν are determined to e 4 order, and after omitting their undetermined parts, one finally arrives at
where by plugging Eq. (57) into the expressions of Q(l ± µν , p), Q(v ± µν , p), and Q(β ± µν , p) in Eq. (47), there are
cos(6θ µν (Ωt)),
cos(7θ µν (Ωt)) ∓ √ 3 131072 cos(9θ µν (Ωt)),
cos(12θ µν (Ωt)),
sin(3θ µν (Ωt)),
sin(6θ µν (Ωt)), 
cos(4θ µν (Ωt)),
cos(7θ µν (Ωt)),
As depicted above, the truncated orders of l ± µν , v ± µν , and β ± µν in Eq. (47) result in Q(l ± µν , v ± µν , β ± µν ) should be truncated to e 10 order, from which, only γ ± (p) (p = 1, 2, 3, 4) are provided, and consequently, the final determined orders of the optimized expressions of l ± µν , v ± µν , and β ± µν are the same as their previous those shown in Eqs. (32) and (45), respectively. Although the above optimized expressions of all the kinematic indicators seem lengthy, when their weights, namely, ω ± l (ω ± l ), ω ± v (ω ± v ), and ω ± β (ω ± β ) are given, all the above complex coefficients are degenerated into the corresponding numbers, so compared with their original expressions, the optimized those are indeed simpler and more compact. Physically speaking, with these optimized expressions of all the kinematic indicators in Eq. (58), Q(l ± µν , v ± µν , β ± µν ) reach their minimums, which means that a set of reasonably determined weights can result in that Taiji triangles in both configurations become the most stable. Further, without doubt, following the above algorithm about optimization, no matter what the truncated orders of all the kinematic indicators are, Taiji triangles in both configurations can become as stable as possible, and therefore, above algorithm applies to the optimization of the inherent orbital variations of SCs involving any specific problem. Thus, as mentioned before, after such optimization of the orbits of SCs, the more stable formation of Taiji may contribute to selecting a simpler TDI technique to suppress the laser frequency noise and reducing the adverse effect brought by the Doppler shift of the laser frequency.
Moreover, when considering the post-Newtonian effects of the Sun's gravitational field and the perturbative effects of some celestial bodies, the above algorithm can be readily generalized so that the more stable formation of Taiji can be obtained.
IV. SUMMARY AND DISCUSSIONS
The space-based GW detectors like LISA [8, 9] or later Taiji [10] [11] [12] [13] are becoming increasingly important, because the ground-based detectors are unable to detect GWs below 0.1 Hz [5, 7] . Like LISA, Taiji is composed of three identical SCs orbiting the Sun and forming an equilateral triangle whose arm-length is about 3 × 10 6 km. Taiji will observe GWs covering the range from 0.1 mHz to 1.0 Hz by using coherent laser beams exchanged between three SCs.
In this paper, a new configuration for the orbits of Taiji SCs is proposed by finding the new relationship between the inclination ε of the orbits of SCs with respect to the ecliptic plane and the orbital eccentricity e. The original configuration, designed for LISA [8, 9, 14, 15] , is studied as one part of the prestudy of Taiji [16] . The orbits of SCκ (κ = 1, 2, 3) at every order in these two configurations are symmetric about either z axis or x-y plane in the heliocentric coordinate system, which embodies the duality between them. In view that the trailing angle of Taiji constellation following the Earth from the viewpoint of the Sun can take values of ±π/9, where the negative value means that the constellation is preceding the Earth, and that in each case, Taiji has two symmetric orbits of SCs about the ecliptic plane, these two configurations, in practice, provide eight kinds of potential orbit schemes for Taiji.
For the unperturbed Keplerian orbits of SCs in both configurations of Taiji, an algorithm is devised to expand them to infinite order of e in the heliocentric coordinate system. When the post-Newtonian effects of the Sun's gravitational field and the perturbative effects of some celestial bodies from Jupiter and the Moon etc. are considered, the unperturbed Keplerian orbits of SCs should be truncated to necessary order and then viewed as the zeroth-order approximation of the corresponding perturbative solution. Therefore, the algorithm lays the foundation for discussion of relativistic and perturbative effects on Taiji. Further, based on the algorithm, all the kinematic indicators of Taiji triangles in both configurations are also expanded to infinite order of e, where as a preliminary example, the expressions of arm-lengths and their rates of change to e 5 order, and the expressions of vertex angles to e 4 order are presented when φ ± = π/3. These results imply that even φ ± = π/3, Taiji triangles in both configurations are equilateral only up to their leading order terms, where to the higher order terms, Taiji triangles undergo the inherent variations. Such inherent variation of Taiji could lower its sensitivity [14] , so the inherent variation of Taiji triangle is significant in the data analysis, e.g., the inherent variations of arm-lengths need to be deducted so as to acquire their accurate variations induced by GWs. By using the above algorithm, an accurate knowledge of the inherent variations of Taiji triangles in two configurations can be obtained. Moreover, with the above algorithm, it is proved that for both configurations of Taiji, three components of every kinematic indicator are identical to each other up to a phase shift of 2π/3 at every order, which is independent on the value of the tilt angle of Taiji plane relative to the ecliptic plane.
The first generation TDI may not suppress the laser frequency noise effectively, because of the instability of Taiji triangle resulted from its inherent variation. The application of the second generation TDI [14, [18] [19] [20] could possibly cause difficulty in the data analysis [14] due to the complex non-commuting time-delay operators. Therefore, it is necessary to consider a simple TDI strategy for Taiji. In this paper, by adjusting φ ± around π/3 to any order of e, the orbits of SCs in both configurations of Taiji are optimized, respectively, which, as the case of original LISA (presented in Refs. [8, 9, 14] ), may contribute to Taiji's selecting a simpler TDI technique. Technically, under the assumption (46), by slightly modifying the above algorithm, all the kinematic indicators of Taiji triangles in both configurations are first reexpanded, and their expressions certainly include the parameters γ ± (1), γ ± (2) · · · in assumption (46). Then, if a set of reasonably determined weights is given, by taking the minimums of Q l ± µν , v ± µν , β ± µν , the parameters γ ± (1), γ ± (2) · · · can be derived one after another, and with them, the optimized expressions of all the kinematic indicators can be further obtained. Compared with their previous expressions, the optimized those are indeed simpler and more compact. Thus, following the above algorithm about optimization, Taiji triangles in both configurations can become as stable as possible with the different specific problem involved. As a preliminary example, the results of optimizing all the kinematic indicators in both configurations by adjusting φ ± around π/3 to e 4 order are provided in the present paper. When the post-Newtonian effects of the Sun's gravitational field and the perturbative effects of some celestial bodies are considered, the above algorithm can be readily generalized so that the more stable formation of Taiji can be obtained.
As mentioned in our previous paper [16] , LISA and Taiji might be in operation at the same time for a period in the future, and based on the new configuration in this paper, there are more combinations available to be chosen.
Moreover, these various combinations could be used to design the next generation space-based GW detector, which may need more SCs to form a better configuration in order to improve the sensitivity and angle resolution of detecting GWs. The algorithm devised in the present paper actually applies to any space-based GW detector like LISA in triangular configuration, and the expansions of the unperturbed Keplerian orbits of SCs to infinite order of e are essentially their complete series solutions. With these solutions, all the kinematic indicators can also be expressed in the form of series, which is the main idea of the algorithm. Moreover, by following the slightly modified algorithm about optimization, Taiji triangles in both configurations can become as stable as possible with the different specific problem involved. As far as we know, these results have not been given before for Taiji or LISA, so the results in the present paper may be useful for their development. Further, based on this algorithm, as mentioned earlier, the relativistic effect of the Sun's gravitational field and the perturbative effects of some celestial bodies can be taken into account, and thus, the analytic framework used to calculate the practical solutions of the orbits of SCs can be constructed in the following task, where in this framework, the series solutions in this paper need to be viewed as the zeroth-order approximation of the corresponding perturbative solution. 
with κ = 1, 2, 3 and
To expand cos ε ± and sin ε ± , the Taylor expansions of α ± need to be dealt with firstly. From Eqs. (4), (7) , and
with Q α ± , n :=
Then, substituting above result to Eqs. (5) and (8) gives the Taylor expansions of cos ε ± and sin ε ± , respectively,
The combination of Eqs. (A1)-(A6) and the Taylor expansion of √ 1 − e 2 , namely,
with (−1)!! := 1 can bring about Eq. (12) . Then, the barycenters of three SCs in both configurations of Taiji are trivially derived by
cos ((n − k + 1 − 2j)σ κ ) .
(A9)
Appendix B: Expressions of Q((r ± µν ) 2 , n) as the functions of t and the proof of the symmetry of β ± µν By substituting Eqs. (13) and (18) to Eq. (22), Q((r ± µν ) 2 , n) can be rewritten as the functions of t, namely,
and    ξ npkj := n − p − k − 2j + 1,
This result can be used to prove the symmetry of arm-lengths and their rates of change as done in Sec. III B. Here, we will prove that β ± µν also possess the same symmetry, and namely, their three components are identical to each other up to a phase shift of 2π/3 at every order, which does not depend on φ ± . Technically, one only needs to prove that Q(β ± µν , p) in Eq. (41) can be expressed as G(θ µν (Ωt)), where G is the corresponding function of a single variable, and θ µν (Ωt) is defined in Eq. (23). Firstly, from Eq. (33), β ± µν can be rewritten as the following form:
Eq. (B3) shows that one should begin to deal with r ± µλ · r ± νλ and r ± µλ × r ± νλ , and then, from Eqs. (17) and (18),
and further,
Then, by Eq. (B3), one directly gets
where from Eqs. (26), (28), and (31), there are
by p := n − 4. From Eqs. (B11) and (B12), (c ± µνλ (0)) −1/2 = (a ± µλ (2)a ± νλ (2)) −1/2 = 0, and then, according to Eqs. (C11)-(C13) and (C16), ( ∞ p=0 c ± µνλ (p)e p ) −1/2 in Eq. (B12) can be expanded, and then, substituting the obtained result to Eq. (B12) gives c ± µνλ (p − j k−1 )c ± µνλ (j k−1 − j k−2 ) · · · c ± µνλ (j 2 − j 1 )c ± µνλ (j 1 ), k ≥ 2.
(B15)
Thus, from Eqs. (B5) and (B13), one can derive
with Q B ± µν , p = p k=0 (∓1) p−k Q r ± µλ · r ± νλ , p − k + 2 Q 1 l ± µλ l ± νλ , k .
(B17)
By substituting Eqs. (13) and (18) to Eqs. (B6) and (B8), Q(r ± µλ ·r ± νλ , n), Q((r ± µλ ×r ± νλ ) z , n), and Q((r ± µλ ×r ± νλ ) hs , n) and because ∆ is small, the further Taylor expansion gives
where f (k) is the kth derivative of f with f (0) = f . Eq. (C3) implies that the expansion of ∆ k (1 ≤ k ≤ i) to e i order needs to be dealt with.
Next, by induction, we will derive ∆ k i = ( i p=1 d(p)e p ) k i (1 ≤ k ≤ i), where the subscript i means that only the expansion of ∆ k to e i order is kept. For k = 1 and k = 2, the expansions are trivial, Eqs. (5) and (8) show that α ± need to be first reexpanded, and then, one can acquire the reexpansions of cos ε ± and sin ε ± . From Eq. (A4), the expansions of sec φ ± = sec( γ ± (p − j k−1 )γ ± (j k−1 − j k−2 ) · · · γ ± (j 2 − j 1 )γ ± (j 1 ), k ≥ 2. Q sec φ ± , p − j l−1 Q sec φ ± , j l−1 − j l−2 · · · ×Q sec φ ± , j 2 − j 1 Q sec φ ± , j 1 , l ≥ 2. 
One also needs to expand cos φ ± = cos( 
and then, plugging them into Eqs. (A5) and (A6) gives the reexpansions of cos ε ± and sin ε ± by only modifying the expressions of Q(cos ε ± , n) and Q(sin ε ± , n), namely,
Q cos ε ± , n := (−1) n + 
